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Abstract The effective management of a cancer treat-
ment facility for radiation therapy depends mainly on
optimizing the use of the linear accelerators. In this
project, we schedule patients on these machines taking
into account their priority for treatment, the maximum
waiting time before the first treatment, and the treat-
ment duration. We collaborate with the Centre Intégré
de Cancérologie de Laval to determine the best schedul-
ing policy. Furthermore, we integrate the uncertainty
related to the arrival of patients at the center. We de-
velop a hybrid method combining stochastic optimiza-
tion and online optimization to better meet the needs
of central planning. We use information on the future
arrivals of patients to provide an accurate picture of the
expected utilization of resources. Results based on real
data show that our method outperforms the policies
typically used in treatment centers.
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1 Introduction

The Canadian Cancer Society [7] reports that “on av-
erage, one person learns that he or she has cancer every
3 minutes in Canada. Every 7 minutes, one person in
Canada dies from cancer.” Therefore, it is crucial to
ensure that all Canadians have good access to cancer
care. In 2011, Quebec authorities inaugurated two new
cancer treatment facilities in the Montreal region. We
collaborate with one of them: the Centre Intégré de
Cancérologie de Laval (CICL).
The services provided by the center include chemother-
apy and radiotherapy; the latter uses radiation to de-
stroy malignant cells to prevent them from multiplying.
Radiation treatments are administered with specialized
equipment such as linear accelerators (linacs). Each pa-
tient who arrives at the CICL for radiotherapy must
leave the center with an appointment for the linacs. Fur-
thermore, the patients have different specificities that
are not known in advance: their day of arrival, their
priority, and their treatment duration. They also share
the same resources at the CICL. This complicates the
scheduling of the linacs and the choice of the first day
of treatment.

The objective of this paper is to solve the radiother-
apy patient scheduling problem in an online fashion. We
aim to ensure that the patients receive an initial treat-
ment within a reasonable time and that there is an op-
timal use of the resources, which are mainly linacs.
We present an innovative algorithm to solve the online
scheduling problem. We implement a hybrid method
combining stochastic optimization and online optimiza-
tion. Our work builds upon the online stochastic algo-
rithm presented by Legrain and Jaillet [21]. Our main
contributions are the adaptation of this algorithm and
its application to real instances. The modifications al-
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low us to model more complex and realistic problems.
After various computational tests to set the parameters
of the online stochastic algorithm, we solve two real in-
stances. The results outperform the solutions used by
the CICL. The improvements are at least 300% as mea-
sured by our objective function.

In the next section, we present the radiotherapy
scheduling problem and a literature review that places
our contribution in the context of previous work on ra-
diotherapy scheduling and online problems. In Section
3, we build an offline model and then an online pro-
cedure based on this model. In Section 4, we test our
algorithm in a theoretical context and on two real in-
stances. We conclude with some final remarks and ideas
for future developments.

2 Problem statement and related work

We address operational management issues in this pa-
per. The CICL administrators face several performance-
related challenges. The provincial management closely
monitors the access to specialized services, following up
on individual patients on the waiting list. In Quebec,
the waiting-time target for radiation oncology is set to
four weeks (for 90% of the patients) and it is calculated
as the time elapsed between the day when the patient
is ready for treatment and the first day of treatment
[24]. Many studies have shown that a delay in start-
ing radiotherapy has a negative effect on the patient’s
clinical condition[9]. The impact of such a delay varies
greatly depending on the nature and the severity of the
cancer and the progression of the disease. The Ministry
of Health and Social Services (MHSS) advises meeting
certain deadlines depending on the patient’s condition.

A radiation oncology department serves both cura-
tive and palliative patients, and they have different pri-
orities. Seventy percent of the patients have a curative
profile. After a complex treatment-planning process in-
volving several healthcare professionals, the treatments
are delivered 5 days a week, for a total of 5 to 44 treat-
ments. The remaining 30% of the patients are palliative
and need rapid access to care (in less than 3 days) to
be relieved of serious pain.

Before beginning treatment, the patient must un-
dergo a CT scan and a specialized team (radiation on-
cologist, dosimetrist, physicist, and technologist) must
perform a sequence of complex tasks. The efficiency of
CICL operations depends on the managers’ ability to
use their resources to their full potential to ensure that
the patients are treated on time. Since the linacs are in
great demand in a cancer treatment facility, we focus
on scheduling appointments and booking slots on the
accelerator. The CICL has decided to divide each linac

schedule into time slots of twenty minutes, and assign
an appointment to each slot. The center has a policy of
treating curative patients at the same time every day.
However, palliative patients can be treated at different
times. Therefore, the problem involves assigning a first
day of treatment and a slot on the accelerator for each
patient.
The treatment requires several time slots, so the clerk
must make several appointments for the patient while
ensuring that the clinical and operational constraints
are satisfied. He must also leave free slots in the sched-
ule to allow for the possible arrival of more urgent pa-
tients.

The daily management of unforeseen events is im-
portant given the cost of cancer treatment. In Quebec
this cost was estimated in 2008–2009 at $4400, i.e., $454
million for 103,000 patients [5]. This includes only the
operational costs: workforce costs, supplies, and equip-
ment maintenance. The random patient inflow must
consequently be managed to minimize the impact on
operations. To control the impact of unforeseen events,
the appointment scheduling must include a stochastic
aspect. Some patients undergo surgery or chemother-
apy before starting radiotherapy treatment. The CICL
can access information for about 80% of these patients
four weeks in advance, and the stochastic optimization
can take this information into account.

The appointment optimization literature is wide;
[8, 14, 1] are three good reviews of this field. Researchers
have drawn to many applications. Begen and Queyranne
[2] tackle the single-server appointment scheduling prob-
lem where a doctor for example must give a time of
appointment to a sequence of patients. Santibáñez et al
[28] present the appointment scheduling of operating
rooms. Patrick et al [25] study the appointment schedul-
ing of patients with different priorities on a single server
like a scanner. However, the optimization of appoint-
ments for radiation therapy is a relatively young field
with a limited literature. Furthermore, CICL policy re-
quires that patients leave the center with their appoint-
ment, so an online algorithm is necessary. This review
aims to show how the radiotherapy patient scheduling
problem can take advantage of online optimization tech-
niques which have a mature literature.

2.1 Radiotherapy booking

Several simple strategies for the scheduling of a pa-
tient’s radiotherapy are described in [27]. In particular,
the “as soon as possible” (ASAP) strategy gives satis-
factory results for this problem. The patients are sorted
in ascending order of deadline and given the earliest
possible appointments. Other approaches are proposed
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in [26]. Several ideas are tested, e.g., postponing the
assignment of appointments or imposing limits on the
use of resources. These ideas can easily be used by a
cancer treatment facility.

Kapamara et al [18] provide a good review of ex-
act methods and metaheuristics for the radiotherapy
scheduling problem. Conforti et al [11, 12] and Jacquemin
et al [15] present techniques based on linear program-
ming. However, these methods do not take into account
the arrival distribution of the patients or future events.
One contribution of our paper is a novel method that
takes these two features into account.
To the best of our knowledge, stochastic optimization
has been used only once in radiation oncology. Sauré
et al [29] introduce the radiotherapy patient schedul-
ing problem and solve it using techniques presented in
Patrick et al [25]. They take into account the different
patient priorities and use a dynamic approach to deal
with uncertain arrivals. They develop a method based
on a Markov decision process and achieve very good re-
sults on randomly generated instances based on statis-
tics from the British Columbia Cancer Agency. How-
ever, the Markov decision process computes an optimal
policy (105 min of computing time) in advance and be-
comes effective when the process reaches a steady state.
The CICL has advance information for some patients,
and it is difficult to integrate such information into this
method. Indeed, it is necessary to recalculate the opti-
mal strategy with this information and to wait for the
process to return to a steady state: information about
the future has already been revealed at this point, and
the recalculation remains computationally demanding.
Erdogan and Denton [13] present a model for booking
daily appointments in an online fashion; the instances
are small (20 patients) but complex. They use stochas-
tic optimization to deal with the uncertainties. Since
the patient arrival distribution of the CICL changes dy-
namically for each patient arrival, stochastic and online
optimization techniques are more appropriate.

2.2 Online optimization

Online optimization techniques have been developed to
make a decision quickly when an event occurs while
maintaining a good solution. For example, advertise-
ment placement by search engines (the Adwords prob-
lem) is a well studied problem. For each user search, the
engine displays advertisements related to the keywords
of the search; the goal is to maximize income. The de-
cisions must be made extremely quickly and should be
close to optimal. The state of the art of online meth-
ods is presented in [17]; the solution time is the most

important criterion. The problems studied can be mod-
eled as allocation problems or vehicle routing problems,
which are complex combinatorial problems. Online al-
gorithms are designed to provide robust solutions re-
gardless of the future events. Often the goal is to prove
that it is impossible to obtain a solution worse than a
certain bound.
There is an abundant literature on assignment prob-
lems, ranging from coupling problems [20] in a bipar-
tite graph to more complex problems such as the Ad-
words problem [23]. Mehta et al [23] analyzed a greedy
algorithm and more sophisticated methods for the Ad-
words problem. The primal-dual algorithm is applied in
[6] where fifteen different problems (including Adwords)
are explored. One of the advantages of this algorithm
is that it can update the selection parameters during
the procedure to take past decisions into account. Re-
cently, these algorithms have incorporated probabilistic
information. To make better future decisions, Manshadi
et al [22] use an offline strategy based on the avail-
able information before the beginning of the algorithm.
Other methods using offline statistics are presented in
[19, 16]. Several papers propose algorithms that use the
available information when making decisions. Ciocan
and Farias [10] present a very general model that uses
re-optimization techniques to incorporate this informa-
tion. We use similar techniques to solve our problem
of scheduling radiation therapy; these techniques are
outlined in [21].

3 Methodology

The goal of the optimization is to determine the first
day of treatment on a linac and then the slot. A linear
program is used to schedule appointments on linacs.
It must ensure the availability of sufficient resources
to meet the patients’ deadlines. Pretreatment (scanner,
dosimetry, etc.) is performed before the radiotherapy
treatment in a fixed amount of time depending on the
priority of the patient.

Let P be the set of patients, Pc the set of curative
patients, and Pp the set of palliative patients. We must
schedule a set of treatments on linacs that have the
following parameters for patient j ∈ P:

– rj : day when patient can start treatment (pretreat-
ment is finished);

– dj : deadline for first treatment;
– pj : treatment duration in days.

We first present an offline version of the problem
for two reasons. The solution is optimal and therefore a
lower bound for the online problem. Furthermore, the
proposed model is used for the online procedure.
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3.1 The Offline Model

We solve the problem for a known set of patients. The
model is a set partitioning problem: we allocate each
patient to a schedule while respecting the capacity of
the linacs. A schedule consists of the treatment days for
a patient. The cost of a schedule for a patient takes into
account the number of waiting days and the number of
days beyond its deadline. In our case, there are three
deadlines: 3 days for palliative patients, 14 days for a
specific type of curative patients, and 28 days for all
other patients. Finally, the constraint on the ready date
is a hard constraint.
Let H be the index set of the working days given the
planning horizon, B the index set of Mondays, and M

the set of available linacs. Define Sj to be the index set
of feasible schedules for patient j, amijk the plan i ∈ Sj
(= 1 if the patient is treated on machine m on day k,
and 0 otherwise), and cij the cost of the schedule i ∈ Sj .
Let Fmk be the number of available slots on linac m on
day k, Oday the maximum number of overtime slots
on linac m on day k, Oweek the maximum number of
overtime slots on linac m for a week, and co the cost of
one overtime slot.
The variable xij defines the allocation of the plan i ∈ Sj
to patient j (=1 if allocated, and 0 otherwise). zmk
is the number of overtime slots on linac m on day k.
This gives the following formulation for a known set of
patients:

min
∑
j∈P

∑
i∈Sj

cijxij +
∑
k∈H

∑
m∈M

cozmk (1a)

subject to:∑
i∈Sj

xij = 1, ∀j ∈ P (1b)

∑
j∈P

∑
i∈Sj

amijkxij ≤ Fmk + zmk, ∀m ∈M,∀k ∈ H

(1c)∑
j∈Pp

∑
i∈Sj

amijkxij ≥ zmk, ∀m ∈M,∀k ∈ H (1d)

b+4∑
k=b

zmk ≤ Oweek, ∀m ∈M,∀b ∈ B (1e)

zmk ∈ [0, Oday], ∀m ∈M,∀k ∈ H (1f)
xij ∈ {0, 1}, ∀j ∈ P,∀i ∈ Sj (1g)

Constraint (1b) ensures that each patient j is scheduled.
Constraint (1c) ensures that the capacity (including the
overtime) of each linac is not exceeded. Constraint (1d)
prevents curative patients from being scheduled in over-
time slots. Constraints (1e) and (1f) bound respectively

the weekly and daily overtime on each linac. Constraint
(1g) is an integrality constraint. Finally, the objective
(1a) is divided into two parts: the cost of a plan and
the cost of overtime.

If all the plans are considered at the beginning, the
computational time is too high. Therefore, the sets Sj
of schedules are dynamically updated by column gen-
eration according to Algorithm 1.

Algorithm 1 Offline Algorithm - Step 1
while there is a schedule with a negative reduced cost do

solve linear relaxation of formulation (1)
enumerate all feasible schedules for each patient j (start
of treatment must be after day rj and before day dj + δ)
compute reduced costs of schedules from the dual vari-
ables
insert schedules of patient j with a negative reduced cost
into Sj , ∀j ∈ P

end while
Solve formulation (1)

The parameter δ is a constant and allows us to miss
the deadline by a few days. This value ensures the feasi-
bility of formulation (1) and should be small (e.g., less
than a week). Algorithm 1 gives a nearly optimal so-
lution: some schedules not generated by the procedure
could improve the integer solutions. The plan i chosen
for each patient j determines only the first treatment
day k and the linac m where the patient is treated.
A slot must then be booked for each patient. The fol-
lowing theorem shows that a feasible solution always
exists.

Theorem: For each feasible solution of formulation
(1), there exists at least one feasible solution of the orig-
inal problem. This solution can be built by Algorithm
2.

Algorithm 2 Offline Algorithm - Step 2
Sort all curative patients (Pc) in ascending order of first day
of treatment: let R be the resulting set;
while R is not empty do

consider the first patient j ∈ R
choose the first free slot p on the first treatment day k on
the chosen linac m
choose slot p on linac m for all treatment days
remove patient j from R

end while
Book palliative patients in the remaining free slots

This theorem also justifies the two-step approach: it
shows that solving the overall problem is equivalent to
solving the two problems sequentially.

Proof: First, we will prove by induction on R that
the plan for the curative patients is feasible.
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#R = 0: There are no patients to schedule: the plan is
feasible.
#R = n+ 1: Suppose that the plan built with the con-
structive procedure is feasible for the first n patients.
Let j be the last patient of R. There exists a free slot
p on the first treatment day k on linac m for patient
j, because

∑
l∈Pc

∑
i∈Sl

amilkxil ≤ Fmk , ∀m ∈ M,∀k ∈
H. This inequality holds because

∑
l∈P

∑
i∈Sl

amilkxil ≤
Fmk + zmk and

∑
l∈Pp

∑
i∈Sl

amilkxil ≥ zmk. Slot p is
free for all the subsequent days, because if a slot is not
booked on day k, it will not be booked subsequently. A
treatment occurs in the same slot on every day, and no
patient currently booked starts treatment after day k.
We therefore assign slot p on linac m to patient j. This
plan is feasible.
By induction, the plan for all the curative patients is
feasible.
Since there are enough free slots for all the palliative
patients, the overall plan is also feasible. Consequently,
if formulation (1) is solved to optimality, the overall so-
lution will also be optimal.

3.2 The Online Procedure

Now we solve the model in an online fashion, i.e., the
patients arrive sequentially and future patients are not
known in advance. We present different algorithms for
this problem.

3.2.1 Online algorithms

Two algorithms have often been used for online assign-
ment problems: the greedy algorithm and the primal-
dual algorithm. The first chooses the feasible plan with
the lowest cost. We will use a slightly different algo-
rithm: a minimum of b slots per linac per day are re-
served for palliative patients. This number is set by the
CICL. This policy ensures that sufficient slots are re-
served for palliative patients while the remaining slots
are allocated to curative patients. Indeed, at the CICL
curative patients are scheduled at least one week be-
fore the beginning of their treatment while palliative
patients are planned only a few days before. Algorithm
3 presents this modified greedy procedure. It is also the
algorithm used by the CICL.

Algorithm 3 finds the cheapest feasible plan in a
greedy fashion, subject to a constraint on the minimal
number of slots reserved for palliative patients. This
procedure is also close to the ASAP procedure. The
longer the patient must wait, the more expensive the
plan. Therefore, this algorithm will generally assign the
first day of treatment to occur as soon as possible.

Algorithm 3 CICL Algorithm
for all patient arrivals j do

if patient j is curative then
choose first treament day k on linac m such that:
1) the cost of the associated plan is minimal
2) there are fewer than Fmh − b slots booked on all
treatment days

else
book palliative patient with the cheapest feasible plan

end if
end for

We use a primal-dual algorithm that draws inspi-
ration from the examples of [6]. The algorithm makes
an irrevocable decision at each patient arrival. The ob-
jective function is a simple maximize (or minimize) ob-
jective of the form

∑
i(cij − ri)xij , where cij is a cost,

ri a constant dual variable, and xij the decision vari-
able. Once the algorithm has made a choice, the dual
variables are updated. Different primal-dual algorithms
use different approaches to update the dual variables.
In our algorithm, these variables are estimated at each
patient arrival and are calculated using stochastic op-
timization tools.

3.2.2 Stochastic primal-dual algorithm

The stochastic optimization model is based on the
offline formulation (1) and a sample set Ωj of future
scenarios. After the arrival of patient j, we consider
the scenarios for future patients who arrive before day
dj + pj . Let Pω be the set of these future patients for
a scenario ω ∈ Ωj . Fmk is from now on the remaining
number of free slots (patients who arrived before j are
already scheduled). Oweek and Oday have been modi-
fied to take into account the palliative patients already
booked in overtime. This gives the following formula-
tion derived from formulation (1) to schedule patient
j:
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min
∑
i∈Sj

cijxij + Eω∈Ωj
[
∑
l∈Pω

∑
i∈Sl

cily
ω
il+∑

k∈H

∑
m∈M

cozωmk]

subject to:∑
i∈Sj

xij = 1

∑
i∈Sl

yωil = 1, ∀ω ∈ Ωj ,∀l ∈ Pω∑
i∈Sj

amijkxij +
∑
l∈Pω

∑
i∈Sl

amilky
ω
il ≤ Fmk + zωmk,

∀m ∈M,∀k ∈ H,∀ω ∈ Ωj
1Pp

(j)
∑
i∈Sj

amijkxij +
∑
l∈Pω

p

∑
i∈Sl

amilky
ω
il ≥ zωmk,

∀m ∈M,∀k ∈ H,∀ω ∈ Ωj
b+4∑
k=b

zωmk ≤ Oweek, ∀m ∈M,∀b ∈ B,∀ω ∈ Ωj

zωmk ∈ [0, Oday], ∀m ∈M, ∀k ∈ H,∀ω ∈ Ωj
xij ∈ {0, 1}, ∀i ∈ Sj
yωil ∈ {0, 1}, ∀l ∈ Pω,∀i ∈ Sl,∀ω ∈ Ωj

(2)

For the details of the formula of the variables uij ,
see Appendix A. To summarize, our current method
can be stated as follows:

Algorithm 4 Stochastic Primal-Dual Algorithm
for all patient arrivals j do

for all scenarios ω do
solve dual slave problem (5) with value x = 0 for event
ω

end for
compute the variables uij (as in Appendix A)
select a feasible schedule i that minimizes the cost (cij +
uij)
update remaining resources Fmk

end for

The reduced cost has two parts: cij is the current
cost of the pattern, and uij is the expected cost of this
pattern in the future. Algorithm 4 enumerates every
feasible schedule to find the one that minimizes this
reduced cost.

3.2.3 Online stochastic algorithm

Algorithm 4 chooses only the first day of treatment.
We use another procedure to choose the slot, as in the

offline case. When palliative patients arrive at the cen-
ter, some curative patients have already been booked
for the next seven days. Palliative patients simply fill
the remaining slots of the plan and no optimization is
necessary. Algorithm 4 is used only for curative patients
and so 1Pp

(j) = 0.
For a curative patient starting treatment on linac m on
day k, we introduce the measure Gmk(p) for a slot p.
Gmk(p) is equal to the number of consecutive free slots
p just before day k on linac m. We choose the slot p
with the minimum Gmk(p). If a tie occurs, we choose
the earliest slot in the day. We obtain Algorithm 5.

Algorithm 5 Online Stochastic Algorithm
for all patient arrivals j do

if patient j is curative then
choose first treatment day k on linac m using Algo-
rithm 4
choose treatment slot p such that:
Gmk(p) is minimal and (if a tie occurs) p is minimal

else
book patient ASAP

end if
end for

Algorithm 5 has three main benefits:

1. The remaining free slots for palliative patients are
not constant but optimized according to the current
and future workload;

2. The ASAP procedure allows us to give palliative
patients the earliest possible appointments;

3. The procedure that chooses slot p tries to keep the
largest slots for future patients.

4 Results

We will first present the context of the results. Then,
we will study the algorithms in a theoretical context
to set some parameters. Finally, we will solve two real
instances from the CICL.

4.1 Context of the results

We consider three types (t) of patients, each defined by
its urgency, i.e., the deadline dj for the start of treat-
ment. Most urgent patients are palliative and must be
treated within 3 days; the lower-priority patients are
curative and must be treated within 14 or 28 days. The
center’s main objective is to ensure that the patients
meet their treatment deadlines. Our objective function
has a penalty if a deadline is missed. Each penalty is



Online Radiotherapy Scheduling 7

modeled by a piecewise function: this is the most im-
portant part of the objective. Furthermore, the patient
waiting time is slightly penalized to break the symme-
try of the solution. Finally, the overtime is penalized
to avoid unnecessary overtime. This penalty is difficult
to set, because it depends on CICL policy, which tries
to balance overtime and delayed treatments. We have
set this penalty in such a way that overtime slots are
booked only if a palliative patient misses his deadline
by more than one day.

We compare three decision rules for scheduling pa-
tients: the CICL method (Algorithm 3), our online
stochastic strategy (Algorithm 5) and the offline stra-
tegy (Algorithms 1 and 2). The CICL method reserves
two free slots on each linac to accommodate possible fu-
ture palliative patients (three-day deadline). The online
stochastic algorithm uses scenarios that take into ac-
count all the unforeseen events that we want to model.
The uncertainties that we consider are the number of
patients, their arrival dates, their priorities, and their
treatment durations. The offline strategy is almost op-
timal and represents the situation where all information
is known in advance. Indeed, if every pattern is gene-
rated at the beginning, the optimality gaps are around
0.1%.

4.2 Sensitivity analysis

The scenarios are generated from a modified Poisson
distribution. The number of each patient type arriving
in a day follows a Poisson distribution truncated at a
ceiling of twice the mean. For each patient type, the
cancer type follows a Bernoulli distribution. The Pois-
son distributions are truncated to reduce the variability
in the total number of patients. The parameters used
were inferred from CICL statistics. The Poisson distri-
bution is described by a total rate (λ) and the propor-
tion (ρt) given in Table 1. Thus, for each patient type
(t), the mean of the Poisson distribution is equal to
ρtλ. The parameter ρt was inferred from CICL statis-
tics. However, the arrival rate was not inferred, because
it depends of the number of linacs. As the CICL is a
new cancer treatment center, its number of linacs grows
slowly from 2 up to 6. To obtain reasonable results it
is important to use a moderate arrival rate λ that is
representative of the number of linacs. We will infer
this arrival rate by machine learning techniques in the
future.

We allow 29 slots per linac per day and 3 over-
time slots per linac per day. We allow a maximum of 5
overtime slots per linac per week. The online stochastic
algorithm has been tested in two situations. The first
uses the probability distribution: we refer to this as the

online stochastic algorithm. The second uses both the
probability distribution and all available information
on low-priority patients, i.e., the patients with a 28-
day deadline are known in advance: we refer to this
as the online clairvoyant algorithm. We have assumed
that all low-priority patients are known although, in re-
ality, only 80% of them are registered at the CICL in
advance.

4.2.1 Number of scenarios

The set Ωj is normally very large, so we represent it by
a few generated scenarios. We have to find a trade-off
between the number of scenarios, the solution quality,
and the computational time. We have tested different
numbers of scenarios (|Ωj |) to study the behavior of
the algorithms. We compare the value of the offline ob-
jective, the competitive ratio of the CICL algorithm,
the competitive ratio of the online stochastic algorithm,
and the ratio of the objectives of the CICL algorithm
and the online stochastic algorithm. These are respec-
tively:
Z∗ = Objoffline, ccicl = Objcicl

Objoffline
, conline =

Objonline stochastic
Objoffline

, crelative = Objcicl
Objonline stochastic

.

The same ratios are defined for the online clairvoyant
algorithm. We ran the tests 200 times and found the av-
erages of these different measures. The planning horizon
is 100 days, and the average number of patients is 168.5.
We considered one linac with a moderate arrival rate λ
of 1.7. We allowed a maximum of 5 s of solution time
for each curative patient; the CICL administrators con-
sider this reasonable. All the tests were conducted with
CPLEX 12.5 on an Intel(R) Xeon(R) X5675 (3.07 GHz)
CPU.

The results presented in Table 2 are for the online
stochastic algorithm and the online clairvoyant algo-
rithm. For the former procedure, the use of available
information improves the performance. As the num-
ber of scenarios increases, conline decreases, stabilizing
around 2.7. At the same time, crelative increases, sta-
bilizing around 1.17. Note that these two ratios have
apparently opposite behavior.

The online clairvoyant algorithm gives better results
than the online stochastic procedure. The ratios follow
the same trend as the number of scenarios increases:
conline decreases to 2.10 and crelative increases to 1.53.
The use of the information greatly decreases the vari-
ability of the scenarios and has an immediate impact
on the results.

Furthermore, the more scenarios the algorithms
have, the better the ratios. However, more than 15 sce-
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Patient type t palliative curative 1 (14-day deadline) curative 2 (28-day deadline)
Proportion ρt (%) 31 19 50

Table 1 Proportions of patient types inferred from CICL data

|Ωj | = 1 2 3 5 10 15 20 25 30
Z∗ 807776
ccicl 3.16

Online Stochastic Algorithm
Average conline 3.17 2.92 2.80 2.79 2.70 2.73 2.72 2.78 2.71
Average crelative 1.05 1.11 1.15 1.15 1.18 1.17 1.17 1.16 1.17
Average number of scenarios 1.0 2.0 3.0 5.0 10.0 14.8 19.1 22.8 25.9

Online Clairvoyant Algorithm
Average conline 2.32 2.24 2.17 2.16 2.13 2.12 2.10 2.10 2.10
Average crelative 1.36 1.41 1.48 1.48 1.51 1.52 1.52 1.52 1.53
Average number of scenarios 1.0 2.0 3.0 5.0 10.0 15.0 19.8 24.4 28.8

Table 2 Comparison of measures for different values of |Ωj |

narios does not noticeably improve the results; 10 sce-
narios seem to suffice.

Finally, when there are more than 20 scenarios, on
average the online stochastic algorithm does not have
enough time to solve all the scenarios. This is not the
case for the clairvoyant algorithm. The problems of the
online stochastic algorithm are harder to solve because
the scenarios for a particular patient are more varied.

To summarize, the online stochastic and clairvoyant
algorithms should generate 15 scenarios for the curative
patients to achieve very good results. If we have good
information about the future, the online clairvoyant al-
gorithm can take advantage of it and perform much
better than the CICL algorithm.
Since the CICL knows about 80% of the future low-
priority curative patients, we will use the online clair-
voyant algorithm in the following sections. Finally, if
there is a tight constraint on the solution time, the al-
gorithms will explore 15 scenarios; otherwise they will
use their 5 seconds for each curative patient.

4.2.2 Evolution of the algorithms

We study in this section the evolution of the CICL al-
gorithm and the online clairvoyant procedure. We cal-
culate the instantaneous rate of utilization by comput-
ing the average rate of utilization for a period of thirty
days from the current day. This allows us to see the
future workload. We want to measure the impact of
a high or low rate on the behavior of the algorithms.
We also study the evolution of the cumulative num-
ber of delayed patients per day. This cumulative func-
tion increases by one on a given day if a patient who
has arrived on that day is scheduled after his deadline.
The number of delayed patients increases quickly when
the instantaneous rate is high. We also want to explore
whether the online clairvoyant algorithm stabilizes the

number of delayed patients and their waiting time com-
pared to the CICL method. This could explain why the
online clairvoyant algorithm outperforms the CICL pro-
cedure.
The planning horizon is 300 days, and there are 408 pa-
tients. The instance has been solved only once for one
linac with an arrival rate λ of 1.5, and 15 scenarios have
been used to find a schedule for each curative patient.

Until day 70 in Figure 1, there are no delayed pa-
tients because there are enough free slots on the linac
to schedule all the patients before their deadlines. The
instantaneous rate of utilization then starts increasing
and goes up to 0.7. The number of delayed patients in-
creases slightly for the CICL algorithm. The instanta-
neous rate decreases slightly and there are no delayed
patients for either algorithm. The instantaneous rate
then increases again. After this second rise, the num-
ber of delayed patients increases until the end of the
time horizon: there are not enough slots to book new
patients. The online clairvoyant algorithm increases in
steps and not as quickly, and its rate of utilization has
less variability. This algorithm obtains better results,
because it stabilizes this rate and, consequently, it re-
serves a stable number of free slots for future patients.

There is a final difficulty for palliative patients. If
a patient arrives on a Friday and is not treated the
same day, the first day of treatment is the subsequent
Monday and the patient has already waited three days.
Consequently, the patient has missed his deadline while
waiting only one working day. Table 3 presents the dis-
tribution of delayed palliative patients by arrival day.

The CICL algorithm has scheduled more palliative
patients after their deadlines. This is normal, because
there are many delayed patients for this instance. How-
ever, these palliative patients are uniformly distributed
across the week. For the clairvoyant algorithm, most of
the delayed palliative patients arrive at the end of the
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Fig. 1 Evolution of the number of delayed patients and the instantaneous rate of utilization

Arrival Day
Algorithm Monday Tuesday Wednesday Thursday Friday
CICL 4 6 8 6 8
Online Clairvoyant 0 1 2 2 5

Table 3 Distribution of delayed palliative patients by arrival day

week, and half of them arrive on Friday. If the weekend
days were not counted toward the delay, this algorithm
would have better results.

4.2.3 Objective function criteria

We present one instance with the value of the objec-
tive function as well as the number of delayed patients,
the average delay, and the number of overtime slots.

The aim is to check whether or not the objective func-
tion correctly measures the quality of the solution in a
perfect situation, where the probability distribution is
perfectly known. The planning horizon is 100 days and
only one linac is used, as in Section 4.2.1.

Table 4 shows the results for the three strategies.
The first set of columns gives for each strategy the
number of patients who miss their deadlines, i.e., the
waiting time is more than 3, 14, or 28 days. The next
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set of columns specifies the average waiting time for
treatment, once again for each patient type. The final
column shows the number of overtime slots. This in-
stance has 140 patients, and the arrival rate λ is still
1.7. The online clairvoyant algorithm uses 15 scenar-
ios for each curative patient. We obtain the following
results: Z∗ = 494.5, ccicl = 3.47, conline = 1.33, and
crelative = 2.60.

In terms of solution quality, the results presented
in Table 4 are satisfactory. They show that the online
clairvoyant procedure meets the needs of booking poli-
cies better than the strategy typically used in cancer
centers: 5 palliative patients (3.6%) and 7 curative pa-
tients (5.0%) with a 14-day deadline are better served.

In terms of waiting times, patients with a 14-day
deadline have an average delay of 8.72 days, compared
to 11.31 days with the CICL strategy. However, those
with a 28-day deadline have an average delay of 13.63
days. The distribution of these delays is better aligned
with the original deadlines, i.e., those with a later dead-
line tend to wait more. The average deadlines obtained
by the online clairvoyant and the offline algorithms
compare very well: the two solutions have roughly the
same average waiting time. It is slightly higher for the
online clairvoyant procedure; it is because this algo-
rithm tries to build in some flexibility for future pa-
tients whereas the offline algorithm knows the patients
in advance.

To summarize, the offline solution is almost opti-
mal and all the deadlines are met in this example. The
online clairvoyant approach compares very well to the
offline solution: no patients miss their deadlines, and
the average waiting time is comparable to that of the
offline solution. The CICL approach is clearly the sim-
plest since it involves no computation, but 12 patients
miss their deadlines, and the average waiting time is no
better than that of the online clairvoyant algorithm.

All the measures also indicate that the offline al-
gorithm provides the best solution: the ratios ccicl and
conline are greater than 1. This solution is optimal and
can only be achieved in a perfect world where the fu-
ture patients are completely known. Furthermore, the
ratio conline is close to 1, indicating that the online solu-
tion is close to the offline solution, despite its imperfect
knowledge of the future. Finally, we note that the ratios
are better than their averages (presented in Table 2),
but the differences between the CICL method and the
online clairvoyant algorithm are large. To conclude, the
ratios ccicl and crelative confirm that the CICL solution
is the worst in this case.

4.3 Real instances

This section presents two real CICL instances with 74
and 77 working days. We ran the tests with 2 linacs,
23 slots per day for the first instance and 29 for the
second, and 3 overtime slots per linac per day for both.
We allowed a maximum of 5 overtime slots per linac
per week. The first instance books 159 patients and
the second 181. We generated future patients with an
arrival rate λ of 2.75 for the first instance and 3.5 for the
second. The tests were run 200 times for each instance
with 15 scenarios and a maximum of 5 s of solution time,
but only one run is presented in Tables 5 and 6.

The solution presented in Table 5 has the following
values: conline = 3.07 (for a mean of 2.82 and a stan-
dard deviation of 0.17), crelative = 11.91 (for a mean of
13.33 and a standard deviation of 0.98), and 14.3 sce-
narios on average. This performance is slightly worse
than the average. However, the solution obtained for
the online clairvoyant algorithm outperforms the CICL
solution. In particular, the CICL solution delays 16 cu-
rative patients including 11 high-priority curative pa-
tients who have waited more than 21 days. However,
the low-priority curative patients wait in average two
more days for the online clairvoyant solution. The im-
provement of the global solution penalizes these pa-
tients, but they are still treated before their deadline.
Finally, the offline solution delays no patients and the
high-priority palliative and curative patients are nearly
served at their ready date.

The solution presented in Table 6 has the following
values: conline = 2.42 (for a mean of 1.74 and a stan-
dard deviation of 0.13), crelative = 4.08 (for a mean of
5.76 and a standard deviation of 0.95), and 55.4 sce-
narios on average. These ratios are still worse than the
average, and the online clairvoyant algorithm continues
to perform better than the CICL procedure. The online
clairvoyant algorithm keeps delaying low-priority cura-
tive patients while high-priority patients have a better
access to the center. Finally, the online clairvoyant and
offline results are similar for this instance.

Conclusion

We have presented the problem of scheduling patient
appointments in an online fashion. The goal is to offer
patients a reasonable waiting time for their first treat-
ment, while maximizing the resource utilization, and
the ultimate goal is to provide better access to treat-
ment. Curative patients are offered regular appoint-
ments, i.e., at the same time every treatment day, to
accommodate their other commitments. Palliative pa-
tients are offered varying appointments. Booking cura-
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Deadline Average delay Overtime slots
Algorithm >3 days >14 days >28 days 3 days 14 days 28 days
CICL 5 7 0 0.62 11.31 10.66 1
Online Clairvoyant 0 0 0 0.11 8.72 13.63 0
Offline 0 0 0 0.0 7.31 10.08 0

Table 4 Results for a randomly generated instance

Deadline Average delay Overtime slots
Algorithm >3 days >14 days >28 days 3 days 14 days 28 days
CICL 6 16 (11) 0 1.11 16.32 14.23 1
Online Clairvoyant 4 6 0 0.57 10.24 16.03 2
Offline 0 0 0 0.0 7.12 14.42 0

Table 5 159 patients in 74 working days

Deadline Average delay Overtime slots
Algorithm >3 days >14 days >28 days 3 days 14 days 28 days
CICL 15 4 0 1.78 9.19 8.65 13
Online Clairvoyant 5 0 0 0.78 8.54 9.98 0
Offline 0 0 0 0.0 7.13 10.14 0

Table 6 181 patients in 77 working days

tive patients has a clear impact on the utilization of the
machines since they might not be available for future
palliative patients. An offline two-step algorithm pro-
vides an optimal solution when all patients are known.

To reflect the uncertainty related to the arrival of
patients and the treatment duration, we developed an
approach combining stochastic optimization and online
optimization. This approach is innovative and our con-
tributions are in both the methodology and the appli-
cation. The results show that this approach works well
on real instances and outperforms the current strategy.

In future work we will schedule the upstream flow.
Our current formulation assumes that the pretreatment
takes a constant numbers of days whatever the work-
load. We want to estimate this number of days more
accurately to avoid delays. If the pretreatment is not
completed on time, the patient cannot start radiother-
apy and the corresponding slots should be canceled. In-
stead of enumerating all feasible plans, we will solve a
more complex problem that takes into account the pre-
treatment and continues to minimize the reduced costs.
This research will lead to a way to solve more complex
stochastic column generation problems.

Furthermore, as the CICL and its head of the radio-
oncology department pilot the project, the algorithm is
suited to the CICL operations. The software provider
and the CICL have also a collaborative agreement for
the integration of the algorithm to the software.

Acknowledgements We would like to thanks Dr Bruno Car-
rozzo and Ms Julie Heon for their great help to understand
CICL operations and to obtain their data.

A The online stochastic algorithm

We present here the online stochastic algorithm introduced by
Legrain and Jaillet [21]. We rewrite this algorithm for our ap-
plication. Recall the stochastic optimization formulation (2):

min
∑
i∈Sj

cijxij + Eω∈Ωj
[
∑
l∈Pω

∑
i∈Sl

cily
ω
il +

∑
k∈H

∑
m∈M

cozωmk]

subject to:∑
i∈Sj

xij = 1

∑
i∈Sl

yωil = 1, ∀ω ∈ Ωj ,∀l ∈ Pω∑
i∈Sj

amijkxij +
∑
l∈Pω

∑
i∈Sl

amilky
ω
il ≤ Fmk + zωmk,

∀m ∈M,∀k ∈ H, ∀ω ∈ Ωj

1Pp
(j)

∑
i∈Sj

amijkxij +
∑
l∈Pω

p

∑
i∈Sl

amilky
ω
il ≥ zωmk,

∀m ∈M,∀k ∈ H, ∀ω ∈ Ωj
b+4∑
k=b

zωmk ≤ Oweek ∀m ∈M,∀b ∈ B,∀ω ∈ Ωj

zωmk ∈ [0, Oday], ∀m ∈M,∀k ∈ H, ∀ω ∈ Ωj
xij ∈ {0, 1}, ∀i ∈ Sj
yωil ∈ {0, 1}, ∀l ∈ Pω,∀i ∈ Sl,∀ω ∈ Ωj

A.1 L-shaped method

The L-Shaped method [4] enables us to solve formulation (2).
This technique is based on Benders decomposition [3]. Formu-
lation (2) is first decomposed into a master problem (3) and
slave problems (4).
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(Master problem) min
∑
i∈Sj

cijxij + Eω∈Ωj
[Q(x, ω)]

subject to:∑
i∈Sj

xij = 1

xij ∈ {0, 1}, ∀i ∈ Sj
(3)

The function Q(x, ω) is called the recourse; it deals with the
stochastic part of the objective. The goal of the slave problems
(4) is to compute the value of this function for each x and each
ω. The variables inside the parentheses (.) are the dual variables
associated with the constraint.

(Slave problems)

Q(x, ω) = min
∑
l∈Pω

∑
i∈Sl

cily
ω
il +

∑
k∈H

∑
m∈M

cozωmk

subject to:∑
i∈Sl

yωil = 1, ∀l ∈ Pω (αωl )

∑
l∈Pω

∑
i∈Sl

amilky
ω
il ≤ Fmk + zωmk −

∑
i∈Sj

amijkxij ,

∀m ∈M,∀k ∈ H (βωmk)∑
l∈Pω

p

∑
i∈Sl

amilky
ω
il ≥ zωmk − 1Pp

(j)
∑
i∈Sj

amijkxij ,

∀m ∈M,∀k ∈ H (γωmk)
b+4∑
k=b

zωmk ≤ Oweek, ∀m ∈M,∀b ∈ B (π1ω
mb)

zωmk ∈ [0, Oday], ∀m ∈M,∀k ∈ H (π2ω
mk)

yωil ∈ {0, 1}, ∀l ∈ Pω, ∀i ∈ Sl (π3ω
mk)

(4)

Since the recourse function Q has to be computed for each
value of its variables, an approximation of Q is built. First, we
relax the integrality constraint on the variables yωil and then we
use the duals (5) of the slave problems.

(Dual slave problems)

max
∑
l∈Pω

αωl −
∑
m∈M

{
∑
k∈H

[(Fmk −
∑
i∈Sj

amijkxij)βωmk+

1Pp
(j)(

∑
i∈Sj

amijkxij)γωmk +Odayπ
2ω
mk + π3ω

mk] +
∑
b∈B

Oweekπ
1ω
mb}

subject to:

αωl +
∑
m∈M

∑
k∈H

amilk(γωmk − βωmk)− π3ω
mk ≥ cil,

∀l ∈ Pω,∀i ∈ Sl
βωmk − γωmk − π1ω

mb(k) − π
2ω
mk ≥ co, ∀m ∈M,∀k ∈ H

βωmk, γ
ω
mk, π

2ω
mk, π

3ω
mk ≥ 0, ∀m ∈M,∀k ∈ H

π1ω
mb ≥ 0, ∀m ∈M,∀b ∈ B

(5)

where b(k) is the index of the Monday of the same week as the
working day indexed by k. These problems are always feasible;
furthermore they are bounded when there are enough free slots
on the linacs for the chosen pattern i (xij = 1). There always
exists such a pattern, because the first day of treatment can be
sufficiently far from the current day to ensure that there are
enough free slots.
Thus, the weak duality theorem gives an approximation (a cut)
of the recourse function Q:

∀i ∈ Sj ,∀ω ∈ Ωj ,

Q(x, ω) ≥
∑
l∈Pω

αωl −
∑
m∈M

{
∑
k∈H

[Fmk βωmk+∑
i∈Sj

amijkxij(−βωmk + 1Pp
(j)γωmk) +Odayπ

2ω
mk + π3ω

mk]+

∑
b∈B

Oweekπ
1ω
mb}

(6)

For the qth cut for scenario ω, approximation (6) can be sim-
plified. All the constants of this cut can be gathered into one
constant Cωq :

Cωq =
∑
l∈Pω

αωl −
∑
m∈M

{
∑
k∈H

[Fmk βωmk +Odayπ
2ω
mk + π3ω

mk]+∑
b∈B

Oweekπ
1ω
mb}

Each time the slave problems are solved, we obtain a cut for the
master problem (3). The master problem is then transformed
as follows:

(Master problem) min
∑
i∈Sj

cijxij + Eω∈Ωj
[θω] (7a)
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subject to:∑
i∈Sj

xij = 1

θω ≥ Cωq +
∑
i∈Sj

(
∑
m∈M

∑
k∈H

amijk(βωmk − 1Pp
(j)γωmk))xij ,

∀ω ∈ Ωj ,∀q (7b)
xij ∈ {0, 1}, ∀i ∈ Sj

Benders Decomposition is also known as row generation.
The duals (5) of the slave problems generate cuts that are in-
serted into the master problem (7). The L-Shaped procedure
(Algorithm 6) uses this decomposition.

Algorithm 6 L-Shaped procedure
q = 0, xq = 0, x = 1
while xq 6= x do
x = xq

q + +
for all ω ∈ Ωj do

solve the dual slave problem with the value x for the
event ω
add the qth cut to the master problem (7)

end for
solve the master problem (7) and save the solution in xq

end while

When the L-Shaped procedure stops, the optimum is
reached. Indeed, when the dual slave problems are solved for
a value x, the recourse function Q is equal to the cut in this
point thanks to the strong duality theorem. Then, if the master
problem (7) finds the same solution x, it has to be the optimum,
because there is no approximation at this point and all the other
points are underestimated.

A.2 Stochastic primal-dual algorithm

Legrain and Jaillet [21] make a simplification: the master prob-
lem is solved only once. Then, for each event ω, there is only one
cut inserted into the master problem (7). Thus, the constraints
(7b) become equalities due to the minimization. The variables
θ are therefore replaced in the objective (7a) by their expres-
sions. The objective (7a) becomes: min

∑
i∈Sj

cijxij+Eω∈Ωj
[Cωq +∑

i∈Sj

(
∑
m∈M

∑
k∈H

amijk(βωmk − 1Pp
(j)γωmk))xij ].

We can also remove the constants Cω0 from the objective to
obtain the final master problem (8):

(Master problem)

min
∑
i∈Sj

(cij +
∑
m∈M

∑
k∈H

Eω∈Ωj
[βωmk − 1Pp

(j)γωmk]amijk)xij

subject to:∑
i∈Sj

xij = 1

xij ∈ {0, 1}, ∀i ∈ Sj
(8)

Finally, the master problem (8) just chooses the pattern
with the minimum objective. We can link our procedure with
the primal-dual algorithm. The two algorithms are similar; the
only difference is the computation of the variables ri. If we de-
fine the variables uij =

∑
m∈M

∑
k∈H

Eω∈Ωj
[βωmk−1Pp

(j)γωmk]amijk,

we obtain the stochastic primal-dual algorithm (4).
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29. Sauré A, Patrick J, Tyldesley S, Puterman
ML (2012) Dynamic multi-appointment patient
scheduling for radiation therapy. European Journal
of Operational Research 223(2):573–584


